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In this note, R will denote a domain (always commutative) with 1 and 
Q #R its field of quotients. The R-module Q/R will be denoted by K. 
By the R-topology of an R-module M is meant the group topology in 
which the submodules rM = {TX ] x E M} (for all 0 # r E R) form a base of 
neighborhoods about 0. Completions of modules in the R-topology have 
been investigated by Matlis [M2]. The R-completion & of M behaves 
nicely (i.e., it carries the R-topology and contains the canonical image of M 
as an RI&n&module in the sense that rM = A4 n rfi for ail r E R) whenever 
M is a torsion-free module or Q is countably generated as an R-module. 
Recalling the classical case of Dedekind domains over which R-completions 
are very well behaved, it is natural to look for a larger class of domains 
which includes both the Dedekind domains and the domains with coun- 
tably generated Q, and for which the R-completion process works in a 
satisfactory way. 
Our candidate for such a class consists of domains for which the projec- 
tive dimension p.d. Q = 1. It was Matlis [Ml ] who pointed out the impor- 
tance of this class. First, over such domains divisibility (rM = M for all 
0 # r E R) and /z-divisibility (M is an epic image of an injective module) of 
a module A4 are equivalent. Secondly, the functor ExtX(K, *) produces 
cotorsion modules. Actually, these domains can be characterized in a 
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number of ways, thanks to Matlis [M2], Hamsher [H], and Lee [L]: the 
following conditions on a domain R are equivalent: 
(i) p.d. Q = 1 [or p.d. K= 11; 
(ii) all divisible R-modules are h-divisible; 
(iii) the torsion submodule of any divisible R-module is a summand; 
(iv) K is the direct sum of countably generated divisible R-modules; 
(v) every divisible torsion R-module of projective dimension 1 is a 
direct sum of countably generated modules. 
The equivalence of some of these conditions will be used without explicit 
reference. 
Our principal goal is to show that, over domains R with p.d. Q = 1, the 
R-completion process is as satisfactory as in the case of countably 
generated Q. However, the proofs are much more complicated: they require 
a delicate analysis of decompositions of torsion modules (see (2.6)), 
thereby reducing the general case to completions in coarser, separable 
topologies (recently discussed by Gijbel and May [GM] ). Once the 
torsion case is settled, the case of mixed modules is easy. Our main result 
states that if p.d. Q = 1, then the completion n of any R-module A4 carries 
the R-topology and is R-complete. 
As an application, we show that p.d. Q = 1 implies that the Ulm factors 
of cotorsion R-modules are R-complete. Moreover, we calculate the 
structure of Ulm factors for cotorsion hulls, generalizing Harrison’s results 
[Ha] from abelian groups to this much more general case. 
We refer to Hamsher [H] for examples of domains R with p.d. Q = 1 
which are not Dedekind and for which Q is uncountably generated. 
1. PRELIMINARIES 
Let S be a multiplicative subsemigroup of the domain R such that 1 E S 
but 0 $ S. 
An R-module M is said to be S-torsion if for every x E A4 there is an s E S 
such that sx = 0, and S-torsion-free if sx = 0 (with SE S, XE M) implies 
x = 0. In case sM = 0 for some s E S, M is called S-bounded. We say M 
is S-divisible if sM= M for each s E S, and S-reduced if it contains no 
S-divisible submodules # 0. 
We call M: = fi,, s sM the first S-Urn submodule of M. We write simply 
M’ = Mk,,$or the first Ulm submodule of M. For ordinals 0, the 0th Ulm 
submodule M” of M is defined by induction: we put M” = (Mu- I)’ if CJ - 1 
exists and M” = np < ~ MP if 0 is a limit ordinal. Ma/Ma+’ is the (T th Ulm 
factor M, of M. 
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The S-topofogy of M has the submodules {sM\ s E S } as a base of 
neighborhoods about 0. A module is S-complete if it is Hausdorff and com- 
plete in its S-topology. The S-completion fi, of an R-module M is obtained 
as the inverse limit ~IYJ M/sM for s E S with the canonical M/sM c M/ss’M. 
The kernel of the canonical map i,: M + ff, is Mi. If S is countable, then 
A, carries the S-topology, is S-complete, and s . Im i,,, = Im i, n sfi, for 
each s E S (see, e.g., [GM]). 
Let R, = S’R be the localization of R at S; p.d. R,Y 6 1 if S is countable. 
An R-module is called S-cotorsion if both Hom,(R,, M) = 0 (i.e., M is 
S-reduced) and Extk(R,, M) = 0. 
LEMMA 1.1. Let S be a countable semigroup. 
(i) An R-module M is S-cotorsion exactly if M 2 Ext i(R,.R, M). 
(ii) The S-cotorsion hull of an R-module M is $f, = Exti(R,/R, M) 
and the kernel of the canonical map M + k, is the maximal S-divisible 
submodule of M. 
Proof See, e.g., [GM, 3.133. b 
We shall require the following lemmas. We write kk to mean (h,).l, 
LEMMA 1.2 (Matlis; Gobel and May). Let the R-module M satisfy Mk = 0 
for a countable semigroup S. Then 
(i) J@,= &,ltik, and 
(ii) &lL g Hom.(R,/R, fi,/M). 
Consequently, M with ML = 0 is S-complete exactly tf it is S-cotorsion. 
Proof See, e.g., [GM, 3.141. m 
LEMMA 1.3 (Matlis). Let S be a countable semigroup. For an S-torsion 
module M the following are equivalent: 
(i) M is S-cotorsion; 
(ii) M is S-complete; 
(iii) M is S-bounded. 
Proof See [M2, 11.41. 1 
LEMMA 1.4. Let M be an S-cotorsion module, S a semigroup such that 
p.d. R, < 1. For every r E R, both rM and M/rM are again S-cotorsion. 
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Proof: From the exact sequence 0 + M[r] -+ M +r rM + 0 (where 
M[r] = (.x E M 1 rx = 0) ) we obtain the exact sequence 
0 --+ Ext’(Rs/R, M[r]) -Ext’(R,/R, M) G Ext’(R,/R, rM) --+ 0 
since rM is S-reduced and p.d. RJR d 1. The middle term is naturally 
isomorphic to M, hence the last Ext is naturally isomorphic to rM. 
Starting with the exact sequence 0 -+ rM -+ M + M/rM + 0 we deduce 
the exact sequence 
0 -+ Hom(R,Y/R, M/rM) --t Ext’(R,T/R, rM) -+ Ext’(R,/R, M) 
--, Ext ‘( RJR, M/rM) + 0. 
The middle terms are naturally isomorphic to rM and M, respectively. 
Hence Horn vanishes and the third Ext is isomorphic to M/rM. 1 
For the proof of the following see, e.g., [L]. 
LEMMA 1.5. If p.d. M < 1 and D is un h-divisible R-module, then 
Ext ;( M, D) = 0. 
Hence it is readily seen that we can restrict ourselves to reduced modules 
M when considering Ext ‘(K, M) for p.d. K = 1. 
2. DECOMPOSITIONS OF TORSION MODULES 
From now on we assume p.d. Q = 1; this is a standing hypothesis in all 
the statements. Under this hypothesis, if K is uncountably generated, then 
it has numerous decompositions of the form K = A/R 0 B/R, and more 
generally, K = 0, AJR with submodules A, B, Ai of Q. Note that all the 
summands of K are fully invariant. We have the exact sequence 
O-+R+A+AjR+O. (1) 
As evidently A n B = R and A + B = Q, we also have the exact sequence 
O+R+A@B+Q-0. (2) 
For later reference we wish to record: 
LEMMA 2.1 (a) (Hamsher [HI). Zf p.d. K= 1, then every countable 
subset of K can be embedded in a summand AIR of K of the form A = R, 
where S is a countable semigroup in R. 
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(b) (Matlis [M3]). If A/R is a summand of K, then A is a flat 
overring of R such that A = n R, where P runs over all primes of R 
satisfying PA # A. 
From the flatness it is easy to conclude that A OR A z A and 
B OR BE B. In addition, we have A OR Bz Q. 
To facilitate our discussion, we generalize several notions from R, to 
flat overrings A of R. We shall say that M is A-torsion if A OR M= 0, 
and A-torsion-free if the canonical map M + A OR M is manic. M is 
A-reduced if Hom,(A, M) = 0, and A-divisible if the canonical map 
Hom,JA, M) + M (induced by (1)) is surjective. The following two lemmas 
are crucial. 
LEMMA 2.2. If K= A/R 0 B/R, then every torsion R-module M decom- 
poses as 
MEAA~MOB@.M, (3) 
where A Q R M z Tor f(B/R, M) is B-torsion and A-torsion-free, while 
B 0 R ME TorF(A/R, M) is A-torsion and B-torsion-free. 
Proof Manifestly, there is a decomposition MZ Tor,(K, M) z 
Tar, (A/R, M) @ Tor,( B/R, M) where the isomorphisms are natural. Using 
(1) and the flatness of A, we obtain the exact sequence 
O+Tor,(A/R,M)+R@MzM-+A@M+A/R@M=O; 
the last term vanishes as A/R is divisible and M is torsion. This sequence, 
compared with the decomposition of M into Tors, and the naturality of the 
maps imply that the last sequence splits and A @ M 2 Tor,(B/R, M). From 
B@(A@M)r(BOA)@MrQ@M=O we infer A@M is B-torsion, 
while A @ (A 0 M) 2 A @M shows A @ M is A-torsion-free. 1 
LEMMA 2.3. If K = A/R @ B/R, then for every reduced torsion R-module 
M we have 
(i) A @ R M z Hom,(A, M) is A-divisible and B-reduced; 
(ii) B OR Mg Hom,(B, M) is B-divisible and A-reduced. 
The summands in (3) are fully invariant in M. 
Proof: (2) implies the exactness of 
0 = HomdQ, Ml - Hom.(A, M) 0 Hom,(B, M) --+M 
A Ext;(Q, M)- Ext;(A, M)@Ext;(B, M)---+ 0. 
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Since the first Ext is torsion-free divisible, 0 = 0. Hence 
MgHom,(A, M)@Hom,(B, M). (5) 
To compare the decompositions (3) and (5) we compute Hom(B@ M, 
Hom(A, M)) z Hom(E@ MO A, M) z Hom(Q @ M, M) = 0. Therefore, 
B@M6 Hom(B, M). Similarly, A @M6 Hom(A, M), whence (3) and (5) 
imply that A @M= Hom(A, M) and B@ M = Hom(A, M) as submodules 
of M. They are clearly A- and B-divisible, respectively. Our proof 
also establishes the full invariance of the summands in (5). Finally, Hom(B, 
Hom(A, M)) r Hom(B@ A, M) = Hom( Q, M) = 0 proves the B-reduced- 
ness of Hom(A, M). [ 
A useful consequence of the proof of (2.3) is recorded in 
COROLLARY 2.4. If A/R is a summand of K, then ,for any R-module M, 
Extk(A, M) is a divisible R-module. 
Proof: (4) implies the existence of an epimorphism Ext’(Q, M) --+ 
Ext ‘(A, M) @ Ext’(B, M), whence the claim is evident. 1 
We will need the following lemma. 
LEMMA 2.5. Suppose AIR is a summand of K, An R-module M is 
A-divisible if and only if Extk(A/R, M) = 0. An A-divisible module M 
satisfies Ext k( A, M) = 0. 
ProojI Consider the exact sequence 
Hom(A,M)LHom(R,M)gM-Ext’(A/R,M)---+Ext’(A,M)-0 
induced by (1). Evidently, M is A-divisible if and only if 9 is surjective, i.e., 
the map between the Exts is an isomorphism. The first Ext is cotorsion, 
while the second is divisible because of (2.4). Consequently, both Exts 
vanish. 1 
Given a decomposition K = AIR @ BJR, we will call 
M, = TorF(A/R, M) z B OR M r Hom,(B, M) 
the A-cpmponent of the reduced torsion module M. Observe that MA is 
A-torsion, A-reduced, and B-torsion-free, B-divisible. From (2.3) and (2.5) 
we derive the generalized primary decomposition theorem: 
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THEOREM 2.6. Let p.d. Q = 1 and M be a reduced torsion R-module. 
Every decomposition K = Oi A/R gives rise to a decomposition of M, 
where MAl is the A,-component qf M. These M,, are ,fully invariant 
submodules of M. 
It is justified to view (6) as a sort of primary decomposition of M, since 
it shares some of the pleasant properties of the classical primary decom- 
positions. For instance, if M and N are two reduced torsion modules, then 
as is readily checked. 
Let us point out the following interesting fact. 
LEMMA 2.7. Under the hypotheses of (2.6), ,for every 0 # r E R, almost all 
summands in (6) are divisible by r. 
Proof. Obviously, Q =Ci A;. Given 0 #r~ R, there is a finite set 
{A ,,...,A,} such that rLEA1+ ... +A,=A. Since A is a ring by 
(2.1)(b), we also have r-” E A for every n 3 2. Therefore, R, c A for the 
semigroup S = { 1, r, r2, . . . . }. We infer that A 0 M is S-divisible. But A 0 M 
is precisely the direct sum of the M,, with j# 1, . . . . m. 1 
3. S-COMPLETIONS OF TORSION MODULES 
Our discussion of R-completions is based on the study of S-completions 
where S is a countable semigroup such that R,/R is a summand of K. We 
continue assuming p.d. Q = 1. 
The following lemma would be obvious if we claimed only S-divisibility 
rather than divisibility. That this stronger statement can be made is crucial. 
LEMMA 3.1. Let M be an R-module, R,/R a summand of K, S a coun- 
table semigroup. 
(i) If M is S-reduced, then M is a submodule of &I, such that us/M 
is divisible. 
(ii) If M satisfies ML = 0, then M is a submodule of fi, such that 
&,jM is divisible. 
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Proof: (1) with A = R, implies the exactness of 
0 = Hom(R,s, M) -+ M -+ hj,? + Ext’(R,, M) + 0. 
A reference to (2.4) completes the proof of (i). 
Using (1.2) we have 
lGf,/M E [ lGf&f\]/[ (M + n;r$)/ti:.] r n;rs/( M + Aa<\,. 
The last module is an epic image of &lJM which is divisible by virtue 
of (i). [ 
Another key lemma is the following 
bMMA 3.2. Let RJR he u summand of’ K, S countable. For an S-torsion 
module M the S- and R-topologies of Aks are identical. Hence A?: = A?‘. 
Proof: It suffices to show that the S-topology of ti, is finer than 
the R-topology. For S-reduced M, tensor the exact sequence 
0 + M -+ &l, + D + 0 (D divisible, cf. 3.1 (i)) with the flat R-module R, to 
obtain the exact sequence 0 = R, 0 M -+ R, 0 &f, -+ R, 0 D + 0. Hence 
the divisibility of R, @ ti, is obvious. R, @ k,/rk, is divisible for every 
r E R as an epic image of a divisible module. Since it is annihilated by r, it 
must be 0. This means that hjJr&, is S-torsion. Furthermore, (1.4) implies 
that it is S-cotorsion; thus by (1.3) it is S-bounded. We conclude the 
existence of an SE S such that s&I, < rti,. This is precisely what we 
wanted to verify. 1 
COROLLARY 3.3. Under the hypotheses qf (3.2), the S-completion a, qf 
un S-torsion module M carries the R-topology and is therefore R-complete. 
Proof: In view of the countability of S, fi, carries the S-topology. 
From (1.2)(i) and (3.2) we conclude that this coincides with the 
R-topology. 1 
We are now able to prove: 
THEOREM 3.4. Suppose that p.d. Q = 1 and S is a countable semigroup 
such that R,/R is a summand of K. For an S-torsion module M, the S-com- 
pletion fis is also the R-completion I@ of M. 
ProoJ There is no loss of generality in assuming MB = 0. From (3.3) we 
infer that fi, is R-complete. Hence it remains to verify that M (in its 
R-topology) is a dense subspace of fi, (in the R-topology). To this end we 
prove that M is an RD-submodule of As; denseness will then follow at 
once from (3.l)(ii). 
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Note that tA4 = M n tfi, is obvious for t E S in view of the countability 
of S. Let T be another countable subsemigroup of R which contains S and 
for which RJR is a summand of K. Trivially, A4 is T-torsion. If we write 
RJR = RJR @ D for a suitable summand D of K, then 
A&=Ext(R,/R,M)=Ext(R,/R,M)@Ext(D,M)=ti,@Ext(D,M). 
Because of (1.2), completions of A4 in the S- and T-topologies are obtained 
from ti, and k, by factoring out the first S- and T-Ulm submodules; 
these coincide with the first Ulm submodules as is shown by (3.2). There- 
fore, using the notation E = Ext(D, M), 
A,= J&BE/E? 
(3.l)(ii) implies that the two completions are divisible mod M. Conse- 
quently, the summand E/E’ g E, is divisible and hence 0. This establishes 
the equality a,= fi,. But then, for every t E T, tM = M n t&f,= 
M n t&f,. Since T can be chosen to include any preassigned 0 # t E R, it 
follows that M is an RD-submodule of a,. 1 
4. R-COMPLETIONS 
We can now prove our main results on R-completions. We start with the 
torsion case. 
THEOREM 4.1. Suppose p.d. Q = 1 and let K = @Ii A,/R. Then for a 
torsion R-module M we have: 
(i) the R-completion A of M carries the R-topology; 
(ii) fi is R-complete; 
(iii) fi z k/h’, where %t = Ext k( K, M); 
(iv) fi z ni fi,, algebraically and topologically. 
ProoJ We assume, as we may, that M’ = 0. 
First consider the case in which all the A,/R are countably generated. 
Using (2.6), write M = Oi M,, and define M* = nj fi-,,. As M,, embeds in 
fii,, as an RD-submodule, the induced map M + M* carries M onto an 
RD-submodule of M*. By (3.4), each fi,, is R-complete, and thus M* is 
complete in the product topology. It is readily seen with the aid of (2.7) 
that the product topology is precisely the R-topology of M*. In other 
words, M* is R-complete and M (equipped with its R-topology) is a 
subspace of M*. 
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In order to verify M* = fi, we have to show that M is dense in M*. 
Observe that for each i, nA, = E,/Ei where Ej = Ext(AJR, MA,). Since all 
the M,, with j # i and their direct sum are A,-divisible, from (2.5) we infer 
Ej = Ext(A!/R, M). Hence k= ni Ext(AJR, M) = niEi is immediate, and 
M* = &l/M’ follows. Recall that the canonical image of M in k and hence 
in k/k’ has divisible co-kernel. Thus M is dense in M*, and all of (i)-(iv) 
follow at once. 
If not all AJR are countably generated, then we decompose them into 
direct sums of countably generated pieces, and apply the argument above 
to M,, (in place of M) to complete the proof. [ 
The general case is now easy. 
THEOREM 4.2. I” p.d. Q = 1, then for every R-module M, the R-comple- 
tion fi carries the R-topology and is R-complete. 
Proof. Write 0 -+ T -+ M + F + 0 (exact), where T is a torsion module 
and F is torsion-free. By [M2, 10.51, p.d. Q = 1 implies the exactness of 
0 -+ T-+ fi + F+ 0. Here T is R-complete in view of (4.1) while F as the 
completion of a torsion-free F is likewise R-complete (and torsion-free); see 
[M2] or [FS, V. $11. Apply [ M2, 10.51 again, this time g the exact 
sequence of completions, to find that the zequence 0 -+ T -+ A4 -+ F -+ 0 is 
exact. Therefore, the canonical map fi + A4 must be an isomorphism. This 
already suffices to assure that fi has the R-topology in which it is 
complete, cf. [M2, 6.81. 1 
It is now readily checked: 
COROLLARY 4.3. If p.d. Q = 1, then an R-module A4 is R-complete {f and 
only if: 
(i) M’= nOZrGR rM=O; and 
(ii) Extk(Q, M)=O. 
In this case, A4 z Ext i(K, M). 
5. THE ULM FACTORS OF COTORSION MODULES 
As an application of our results we prove that p.d. Q = 1 implies that the 
Ulm fact&s of cotorsion R-modules are R-complete. 
Let C be any cotorsion R-module and Tits torsion part. The embedding 
T+ C extends to an embedding of the cotorsion hull F= Extk(K, T) in 
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C. In the arising exact sequence 0 + p+ C + F + 0, F is torsion-free 
cotorsion, and so R-complete. Hence for the Ulm factors C, of C we have 
and 
C,? i‘, if a> 1. 
Thus the study of Ulm factors is reduced to the cotorsion hulls F of torsion 
R-modules T. 
We state the following lemma without proof. It was proved for S-cotor- 
sion hulls (S a countable semigroup) by Gijbel and May [GM, 3.16-3.171, 
and by our method employed above, it can be extended to the case 
p.d. Q = 1. 
LEMMA 5.1. For every ordinal o and every R-module M, the sequence 
0 + Ext;(K, M”) + Ext;(K, AI)“-+ Ext;(K, M/M”)” + 0 
is exact. Here the last Ext is isomorphic to Hom,(K, V,), where 
V, E I@, ~ ,/AI,- 1 if o - 1 exists; otherwise V, is the quotient of the inverse 
limit limA4/MP Cfor p -C a) module the image of M/M”. 
The proof given in [FS, V.2.61 can be extended to verify: 
LEMMA 5.2. If p.d. Q = 1, then RDextk(K, M) is precisely the first Ulm 
submodule of Ext k( K, M) for any module M. 
Here RDextk(K, M) denotes the group of equivalence classes of all 
extensions of A4 by K in which A4 is an RD-submodule. 
This leads us to the following generalization of Harrison’s theorem 
[Ha]: 
THEOREM 5.3. Let p.d. Q = 1 and M be a reduced torsion R-module. The 
0th Ulm factor of its cotorsion hull Extk(K, M) is described by the exact 
sequence 
0 + Exti(K, M”)/RDextk(K, M”) + Extk(K, M), -+ Hom,(K, V,) + 0, 
and thus it is R-complete. 
Proof: The exactness of the sequence follows readily from (5.1) and 
(5.2) if we note that Horn is torsion-free. The R-completeness of the middle 
term can be verified in the same way as was done in (4.2). 1 
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